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Molecular correlation functions of homologous liquid crystals are calculated statistical 
mechanically from a generalized McMillan hamiltonian. It goes beyond the mean-field 
approximation and includes the nematic and smectic fluctuations on the same footing. 
The expressions obtained are valid for either the isotropic(I), nematic(N) or smectic 
A(A) phase and are equally applicable to I-N or I-A transitions. When specified to the 
isotropic phase the inverse correlation function G; ’ shows a smooth “bending down” 
near TNI or T,, for all homologues in accordance with most experiments. The variation 
of the “degree” of the “bending down” with different members of a homologous series 
is in agreement with, e.g., the nCB and nOCB data of Muta et al. For 9CB and 1 ICB 
our G; ’ curve, without “inflection”, “saturation” or “dip”, agrees with the experiments 
of Zhang et al., but not those of Coles and Strazielle, or Pouligny et al. Supercooling 
temperature T* [defined by G,’(T*) = 01 as  function of molecular length is also 
calculated. Our theory is compared with others (including that of Gohin et al.). 

+Work partly presented at the Ninth International Liquid Crystal Conference, 

$Correspondence address. 
Bangalore, India, December 6-10, 1982. 
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234 CHANGQING and LEI 

1. INTRODUCTION 

When liquid crystals are still in the isotropic(1) phase but near the 
nematic(N) phase, due to the fluctuation of the order parameter, 
some properties of the N phase already show up. This is the so-called 
pretransitional effect. It manifests experimentally as the anomalous 
increase of the Cotton-Mouton coefficient, light scattering intensities, 
etc.’ These measured quantities are related to the correlation function 
Go of the molecular orientations. 

In the mean-field approximation(MFA), the Landau-deGennes 
model2 gives, in the I phase, a G; ‘ linear in the temperature T. Yet, 
in 1970, Stinson and Litster’ observed that in the I phase of MBBA 
(methoxybenzylidene butylaniline) there is a “bending down” of the 
G,’- T curve very near TN,,  the transition temperature between the 
N and I phases, in violation of the MFA results. This anomaly has 
since been confirmed by other experiments4-I5 on different com- 
pounds with various measurements (including depolarized Rayleigh 
scattering, magnetic or electric birefringence). More recently, the 
trend of the anomalous “bending down” in a homologous series has 
been investigated by Muta et a1.,16 Coles and Stra~ielle,’~ Gohin et 
a1.,I8 Pouligny et al.,19 Zhang et a1.,20 respectively. Similar studies on 
nematic solutions or mixtures are also 

In some of these studies, extra structures (in the “bending down” 
region) are observed very near TN, and they are not always consistent 
with each other. For example, in 9CB and l lCB (alkylcyano- 
biphenyl), “inflection” points are observed in the light scattering 
 measurement^;'^ “saturation” or even a “dip” is found in the optical 
Kerr effects data,” while a smooth “bending down” (i.e., no extra 
structure) is reported in the Cotton-Mouton experiments.*’ Note that 
these three conflicting experimental results are all for the same 
materials and the same temperature regions (although different but 
supposedly “equivalent” physical quantities and measuring tech- 
niques are used). To our knowledge, there is yet no satisfactory 
explanation or resolution of this glaring contradiction. 

On the theoretical side, the “bending down” in G;’ was first 
attributed by Stinson and Litster’ to the failure of the MFA in the 
critical region very close to TNI. The same point of view was held by 
Fan and Stephen23 who, by inclusion of the cubic and quartic terms 
in the free energy, managed to give a finite series expression for G ,  
containing the “bending down” feature. Unfortunately, each correc- 
tion term in this series is divergent in itself, rendering the validity of 
the expression questionable and not very useful in practice, in our 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. I1  235 

opinion. (See Section VI for a discussion of the related work of 
Chandrasekhar et al.) 

It was not until 1978 that LinZ4 succeeded in deriving a G,  (valid 
for both I and N phases) that goes beyond the MFA but still satisfies 
the required sum rule. This result was immediately generalized” to 
include the presence of an external (magnetic or electric) field and 
was used to calculate the apparent gap exponent [see Ref. (26) for the 
definition of apparent exponents]. In this beyond-mean-field the- 
0ry24,25 based on the Maier-Saupe type hamiltonian the “bending 
down” anomaly was naturally explained [see Ref. (27) for more 
details including discussions on Ref. (28)]. Pouligny and Lalanne’ 
have since used this theory to reinterpret their previous data on 
MBPB (p-methoxy-benzoate-p-n-pentylben~ene)~ with equal success. 
Lately, Lin’s theory was gene ra l i~ed~~  to the case of nematic mixtures 
or impure nematics [see also Ref. (S)] and found to be in agreement 
with experiments. 

In spite of these successes, Lin’s previous theory” is limited by the 
facts that (i) it cannot be applied to I -A transitions (A represents 
smectic A phase); (ii) for numerical calculations, the molecules are 
fixed in an artificial lattice; (iii) the quantity (TNI - T * ) / T N l ,  as in 
all other existing theories, is too large compared to experimental 
value. The last two points are the main obstacles in obtaining unam- 
biguous quantitative comparisons between theory and experiments 
[see Ref. (27)]. Point (i) is due to the fact that the theory is based on 
the Maier-Saupe hamiltonian which describes only the I-N transi- 
tion. 

The aim of this paper is to generalize Lin’s theory25 to the general- 
ized McMillan hamiltonian of Ref. (30) [referred to as (I) in the 
following] so that limitations of (i) and (ii) are overcome and the 
variations with different members in a homologue can be calculated. 
In our approach, the smectic and nematic fluctuations are treated on 
an equal footing (Section 111), in contrary to the work of Gohin et 
al.” Despite much effort, we are not able to overcome point (iii) (see 
Section V). Our calculations for the orientational correlation function 
show a smooth “bending down” region for all members of any 
homologue (Section IV), in agreement with the findings of Zhang et 
aL2’ [but not that of Refs. (18) and (19) in this particular aspect] and 
that of Muta et a1.I6 Our results are compared with those of Refs. (18) 
and (19) in relation to the relevant experiments of homologous 
series16-20 (Sections V and VI). 

Calculations of T* as function of molecular length are presented in 
Section V. Apparent exponents will be discussed el~ewhere.~’ 
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236 CHANGQING and LEI 

11. BASIC FORMULAS 

For simplicity, following Ref. (31), we set S = 0 in Eq. I (2.4) [repre- 
senting Eq. (2.4) of Ref. (30)] and obtain the hamiltonian 

1/2 - 1  H = - ( 4 ~  ) JF(d/r,)C'exp( - ri /r i )SisJ (2.1) 
i j  

where J is a coupling constant, d the molecular length (or smectic 
layer thickness), r,, the effective range of interaction between two 
molecules, S, = P2(c0s8,), 8, the angle between the director of the ith 
molecule and the smectic layer normal (the z-axis). The prime in the 
summation indicates the absence of i = j  terms. In Eq. (2.1), only the 
S,S, part of P2(cos8,,) is kept [see Appendix A of (I)] since the other 
parts are ineffective in the following calculations [see Refs. (25) and 
(32)]. Let r, = (xl,yl,zl), x,, = x, - xJ, etc., p2 ! I , ,  = x2  + y l .  Then the 
exponential in Eq. (2.1) can be separated into two parts related to p,, 
and z,, , respectively. When exp( - zi/ri) is considered as a function 
of z, and assuming { g,,(.zJ)}, n = 0,1, . . . , to be a complete basis 
function of zJ, we obtain 

exp( - '131 ro') = ('1)gn (I/) (2.2) 

where Af,, (z,) is the coefficient of expansion. Here, the introduction of 
A is purely for the sake of notational convenience. Eq. (2.2) may be 
rewritten as 

where 

In the following, three basic formulas [Theorems A, B and C 

Theorem A. 

corresponding to Eqs. (2.5), (2.9) and (2.15)] are given. D
ow
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 11 231 

where f and g are arbitrary functions, x f ( x , ,  . . . , xN),  etc. [similarly 
for r and 52, with 111 being the angular angIes ( 6 , ~ )  of the molecules], N 
the total number of molecules. ( . ) is the thermal average and 

Jdz, . . . dZNJd52, . . . dQNeXp(-PH)g(r,n) 
(g(rJq),  = J d z ,  . . . dzNJdlll, . .  . dQNexp(-PH) (2.6) 

where P = 1 / k,  T. 

The proof of Eq. (2.5) is given in Appendix A. 
Comparing Eq. (2.5) with Eq. (6) of Ref. (32) we see that in the 

latter it is the operators of the different molecules that have been 
separated while in the former case here, it is the degree of freedom of 
the molecules. 

Let 

and - be the parts in H that are related to the j th  molecule, i.e., 

we then obtain (see Appendix B): 

Theorem B. 

where { j }  ({ J } )  represents any function of operators related (unrelated) 
to the j t h  molecule, 

(2.10) 

Here, in Eq. (2.9), it is an average with respect to three types of 
degrees of freedom (i.e., z,52) while in Eq. (6) of Ref. (32), it is only 
two (i.e., Q). 

Let ii;?ni be a certain (to be defined) type of thermal average of Mnj 
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238 CHANGQING and LEI 

[see Eq. (4.9)]. When Eq. (2.10) is Taylor expanded one gets 

( { j } ) E ,  = q { w , l ) = ( { m o + ~  P*,fl(M,/- a n , )  

+ L 2 p2AJflflj(M,,, - MflJ)(hf,,? - a,,)) + . * * (2.1 1) 
2 n,n’ 

where 

+ ( {  j )  )o( g n ( z j ) s J ) ;  - < { j 1 )o( gn(z,)gn,(zj)?*)o] 

(2.14) 

Substituting Eqs. (2.1 1)-(2.14) into Eq. (2.9) we obtain an expansion 
up to second order of the generalized Suzuki formula: 

Theorem C .  

- ( { J ) ~ n j l )  1 G n j  

+ ({J})IMfljafly) 4- . * * (2.15) 

In this paper, Eq. (2.15) is used up to the j3 term. 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 11 239 

Hi. ORIENTATIONAL CORRELATION FUNCTION 

Orientational correlation function is defined by 

In the I phase, ( S , )  = 0 and hence c, = G,. By Eqs. (2.5) and (3.2), 

and AT is the conjugate operator of A i .  In Eq. (2.15), neglecting the 
P 2  term and taking { j }  = A / + ,  { J }  = A;  (denoting A/,, in this case by 
A,, for notational simplicity), one has 

(i#j) (AiAj+) l  = ( A i ) l ( A j + ) O +  P C A n C J A j ( A i B n A ) l  
n A  

- PC A n ( A i ) l  R j  (3.5) 

In Eq. (2.15), neglecting the p 2  term, taking j = A, {A}  = BnA, 
{i} = A;  and denoting A,,,,, in this case by AA,,,, i.e., 

we have 

( i # X )  
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240 CHANGQING and LEI 

In the following, Gk is obtained by solving Eq. (3.7) to obtain the 
Fourier transforms of ( A i B n J I  and substituting into Eq. (3.5). Let 

Fn(kz; i ,A)  (A;Bnx)l (3.8) 

= JkLFfl(kZ A)  - " - l C F n ( k z ,  P l ) J P L  (3.10) 
PI 

where 

J P I  = ~ J , , e ' P ~ x ~ + l P J ' ~ ,  pl = ( p x ,  pY), N' = N 2 / 3  (3.11) 

In the following, in Eqs. (3.5) and (3.7) only the terms correspond- 
ing to n' = 0 , l  and n = 0, l  are kept (see Section IV). When both sides 
of Eq. (3.7) are multiplied by exp i(p,xEA + p,,ylA) and then operated 
by N -ICl,X, by Eqs. (3.8) and (3.9), one obtains for n = 0: 

J 

( - P A o d k , ) F O ( k )  - P A O I J k L F l ( k )  = xO + CO(k) (3-12) 

When n = 1, we obtain similarly: 

-PAIdk.Fo(k) + (1 - PAl ,JkJF,(k)  = XI + C l ( k )  (3.13) 

where 

n, n' = 0, 1 (3.14) 

+ F,(k,; i,i) (3.15) 
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(3.18) 

THEORY OF HOMOLOGOUS LIQUID CRYSTALS. I1 24 1 

Noting that X ,  and XI are independent of k, we may obtain F,(k) 
and Fl(k) by solving the simultaneous equations (3.12) and (3.13), 
resulting in (see Appendix D): 

where 

(3.24) 
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242 CHANGQING and LEI 

When both sides of Eq. (3.5) is multiplied by exp(ip,xq + @,J~) and 
operated by N -ICi.x, using Eqs. (3.16) and (3.17) and then substitut- 
ing into Eq. (3.3), one obtains 

where 

(3.26) 

Eq. (3.25) is rather complicated and has to be simplified to be 
practically useful. One possible way of simplification is to apply the 
random-phase approximation (RPA), i.e., taking the thermal averages 
of both sides of Eqs. (3.12) and (3.13) with the approximations: 

(3.27) 

We then obtain (F,(k)) and ( F , ( k ) )  by using the same procedure in 
the derivation of Eqs. (3.16) and (3.17) above. The results thus 
obtained are the same as replacing directly J k ,  by ( J k , ) ,  C,(k) by 
(Co(k))  and C,(k)  by ( C , ( k ) )  in Eqs. (3.16) and (3.17). Therefore, in 
RPA, Eq. (3.25) becomes 

(3.28) 

Note that Eqs. (3.25) or (3.28) [and Eqs. (4.1)-(4.13)] is valid in 
either I, N or A phase. 

IV. NUMERICAL CALCULATIONS 

In order to calculate ck numerically, it is necessary to give the explicit 
forms of the functions g,, and fn. Since { g,,(z,)} is just a complete set 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 11 243 

of basis functions, we may assume 

{ gn(zi)} = { c o s ( n 2 a z j / d ) , s i n ( n 2 ~ z j / d ) }  (4.1) 

where n is non-negative integer. If only n = 0 , l  terms are retained 
then the term sin(2rzj/d) needs not be considered (see Appendix E). 
Consequently, 

gl(z,) = 5 cos(2mz;/d) 

where 

t = d/r, (4.4) 

and w ( t )  is defined by Eq. I (2.13) [see Figure 1 of (I)]. In Eq. (4.2), 
the factor ii is included for notational convenience. 

According to the definition off, in Eq. (2.2), one has 

f,(Z;) = cos(27Tz;/d) (4.6) 

where R ( x )  is defined by Eq. I(2.14). Eq. (2.4) becomes 

J. = +JF(t)R(t/2)t- 'exp( --p;/r;), i # j  
(4.8) 

!I 

Jjj = 0 

In Eq. (2.13) the thermal average Hnj is arbitrary. We now substitute 
Eqs. (4.5) and (4.6) into Eq. (2.7) and define 
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where 

CHANGQING and LEI 

rl =_ ( S ; )  

I7 = (cos(27rz;/d)S,) 

(J,) = 4 J F ( ~ ) R  (t/2) t I= <exp( - pi/+ 
j 

Eq. (4.8) is used in Eq. (4.10). Eq. (2.12) becomes 

(4.10) 

(4.1 1) 

v = - (J , ) [q  + Eucos(277zi/d)]SI (4.12) 

By comparison, we note immediately that Eq. (4.12) is nothing but 
Eq. I(2.8) with S = 0. Comparing Eq. (4.10) with Eq. I (A19), we have 

7 = (J,) (4.13) 

Therefore, ( * - >, is just the mean-field thermal average defined in 
(1). 

We now specify our calculations to the I phase. In the I phase, 

q = O  

u = O  

(4.14) 

(4.15) 

By Eqs. (4.9), (4.14) and (4.15), 
- - 
M O j = M  Y = O  (4.16) 

Taking 

k = O  (4.17) 

and by Eqs. (4.2), (4.5), (4.6), (4.11), (4.14) and (4.15), the different 
terms in Eq. (3.6) may be calculated, resulting in 

A, = A, = (S’), = 1/5 

A,, = A, = <S’~0s(2az~/d)),E = 0 

A,, = ( S J * C O S ( ~ ~ Z ~ / ~ ) ) ~  = 0 

A l l  = (S;cos2(2~zj/d)),E = E/10 

(4.18) 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 11 245 

By Eqs. (4. I I), (4.14)-(4.16) and (3.14) we obtain 

CO(0, Pi) = 0 = C,(O, PI) (4.19) 

By Eqs. (4.18), (4.19) and (3.8), 

Similarly, by (3.18)-(3.20), (3.23) and (3.26) we have 

Dl(Pl)  = (1 - P A d p J ( 1  - P A l l J p , )  

D2(Pl) = ( 1  + PA0041 - P2AooA1142)(1 + PA1141 - P2AooA1142) 

Substituting Eq. (4.22) into Eq. (3.25) and noting that Eq. (3.1) and 
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246 CHANGQING and LEI 

Eq. (3.2) are identical under the conditions of 
we have 

Eqs. (4.14) and (4.15) 

(4.23) 

Since both u and q(u)  are operator functions of r f - ( r l ,  . , . , rN)]  (but 
not a) only, the ( * . . ) in Eq. (4.23) is effectively a thermal average 
of the different possible translational configuration of the molecules, 
similar to the situation in amorphous materials, and is difficult to 
calculate. 

In the following, we make the appropriate approximation such that 
Eq. (4.23) is replaced by 

(4.24) 

where 

u (u) = ,L3A,(Jo) = P j / 5  (4.25a) 

(4.25b) 

This approximation is equivalent to RPA because Eq. (4.24) is ob- 
tained if we start directly from the RPA results of Eq. (3.28) and then 
repeat the procedure of deriving Eq. (4.23). 

Eq. (4.24) is the final result that will be used in our numerical 
calculations below. It is identical in form to Eq. (10) of Ref. (25) [or 
Eq. (25) of Ref. (32)]. There are two important points of difference: (i) 
The function g here is two-dimensional while that in Ref. (25) is 
three-dimensional; (ii) here depends on d / r o  while J ,  in Ref. (25) 
does not. 

Function g(v )  is calculated explicitly (see Appendix F) to be 

g ( u )  = ( u / 4 ) ( ( 3 6 ~ ) ' / ~  - ln(1 - u)  + In[ 1 - u e x p ( - 3 6 ~ ) ' / ~ ] )  

(4.26) 

and shown numerically in Figure 1. For comparison, g ( u )  of Ref. (25) 
[denoted by gL(u)  in Figure 11 is also plotted. g ( u )  is calculated in a 
continuum with a cut-off wave-vector while gL(z)) is calculated for 
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. n  
V 

FIGURE 1 The function g(o). gL(o) is g in Ref. 25. 

a simple square lattice. When u+ I ,  gL(u) = 1.516 while g(u)+ 
- +ln(l - u)  which diverges logarithmically. 

The experimental supercooling temperature T* is defined by 
G, ' (T*)  = 0. By Eq. (4.24), we have (k, = 1) 

T* = 0.27 (4.27) 

Note that J and hence T* varies with t (= d/r,,). Corresponding to 
different functional forms of F ( t )  in Eq. @.I), T*-t curves of 
different characteristics are obtained. The discussion is similar to the 
case of TN,-t in (I). For example, when F ( t )  = t', with h = 0 (= I )  
T* will decrease (increase) slowly with d / r ,  increasing; for h = 2, T* 
increases rapidly with d / r o ,  etc. [see also (I)]. 

If we assume approximately that ( S ; )  N ( S:)o =-I I S ,  by Eq. 
(4.24), one may obtain G,' (T) .  The curve G , ' - T / J  is plotted as 
curve a in Figure 2, which already bends down in the I phase, in 

TIT" 
FIGURE 2 Function G;' vs T / T * .  a is the present theory; b from Ref. 25. 
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248 CHANGQING and LEI 

accordance with  experiment^.^-^^ Curve b is from Ref. (25). Here, J 
corresponds to J ,  of Ref. (25) and is given by [see Eq. I (4.1)]: 

(4.28) 

where D is the width of the molecule. The two curves a and b agree 
with each other in shape and differ only numerically. Note that in the 
usual practical use (see Section V) only the relative values of G;' 
matter. From Figure 2 it is easily seen that curve a, after multiplied by 
an approximate constant, may be made to almost coincide with curve 
b. The two curves are therefore basically the same from this point of 
view. 

Using Eq. (4.28) it is possible to obtain from Figure 2 the variation 
of G, '- T curve in relation to the molecular length (and width) (see 
Section V). The fact that there exists a universal G; I -  T curve when 
T is expressed in units of J results partly from the assumption of only 
one (coupling) energy constant J in the hamiltonian of Eq. (2.1) (as is 
also the case in the Maier-Saupe case25) and partly from the nature 
of the first-order expansion of Eq. (2.15) used here. One should not be 
surprised if this universality is violated in real materials as one knows 
that sometimes it is necessary to include higher-order terms (such as 
P4) and hence other coupling constants into the hamiltonian. In fact, 
this universality is indeed broken when the full expansion (to second- 
order) form of Eq. (2.15) is ~ s e d . ~ ~ , ~ ~  

It should be pointed out that in the high temperature regime 
(u+O), by Eq. (4.26), we have g(u) -  1.241 + 0.2~) .  By Eqs. (4.24) 
and (4.27), G; '-( T - 0.8T*), in agreement with mean-field results. 
When T+ T* (u + l), we have g ( u )  N - $in( 1 - u), or 

G, '- - (T - T*)ln( T - T*) (4.29) 

which differs from the mean-field results [but still satisfies G, I (  T*) 
= 0, as expected]. In contrast, in the Maier-Saupe case,25 one still has 
G,'-(T - T*) (but with a different slope compared to the u - 0  
regime27) when u + 1 .  Note that the logarithmic divergence of Go [and 
g(u)] at v+  1 follows from the two-dimensional integral of g(u)  of 
Eq. (4.25b). 

V. COMPARISON WITH EXPERIMENTS 

In the presence of an external magnetic field B,  the hamiltonian 
becomes 

H = H @ - ~ ~ S ,  (5- ) 
I 
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where Ho is that of Eq. (2.1) and 

Here, >6 is the anisotropic part of magnetic susceptibility. The Cot- 
ton-Mouton coefficient in the high temperature phase is given by 

C = 6 n / B 2  = mo(Si )H/h  (5.3) 

where m, is a material ~ons t an t?~  6n the anisotropic part of the 
refractive index, ( - . )H the thermal average under the hamiltonian 
H (in the previous Sections, ( - - - ) = ( - - - )H). In weak field, one 
may expand (SJH with respect to h .  

1 
2 

= PhGo + - Pzh2N SiS,SP 
iJ,p 

(5.4) 

Therefore, 

C = m ( A ,  + d2) (5-5) 

m = mo/.i, (Y = h / i  (5.8) 

The introduction of the energy unit d [ = ( Jo ) ,  see Eq. (4.13)j here is a 
matter of convenience so that A , , A ,  and (Y are dimensionless quanti- 
ties. In fact, i may be replaced by any other quantity (e.g. J) with 
energy dimension. 

In light scattering in the I phase, the intensity of scattered light is 
given by 

I = MG, (5.9) 

where M is a material ~onstant. ,~ By Eqs. (5 .5 )  and (5.9) we see that 
both magnetic birefringence and light scattering may be used to 
determine Go. The important point which is often overlooked is that 
in a homologous series, m (and M )  may vary from molecule to 
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250 CHANGQING and LEI 

molecule and they are usually not known a apriori. Therefore, in 
comparison with experiments of homologues, we prefer to use the 
quantity C( T ) / C (  To) [instead of C( T )  itself] where To is an arbitrary 
reference temperature. 

When B is very weak, C N mA , and 

For simplicity, we assume that we are dealing with rod-like molecules 
of zero width (D = 0) so that Eq. (4.28) becomes 

j = 2JR (t/2)F( r ) t  - I (5.1 1) 

Assuming F ( t )  = t2  and To = T, (= TN, or TA,) and using Eqs. (4.24), 
(5.10) and (5.11), [A,(T,t)/A,(T,,t)]-’ is calculated in the I phase 
((5;) = 1/5) and shown in Figure 3. The two curves a and b 
correspond respectively to t = 2.4 and 2.58. Note that when the 
molecular length t increases the transition temperature T, also in- 
creases but the curvature (i.e. the “degree” of the “bending down”) of 
the curve decreases. 

If F ( t )  assumes different form, T,(t) will change accordingly [see 
(I)] but the trend of the curvature in Figure 3 remains unchanged. 
Also, Figure 3 is unaffected by the particular choice of the reference 
temperature To. 

Since, by Eq. (5.6), Go differs from A ,  by only a temperature 
dependent factor /3J the curve G; ’( T ) /  G; I( To)- T is basically the 
same as in Figure 3.  

As the odd and the even series of a homologue may correspond to 
different F( t )  [see (I)] we shall discuss the two series separately. 

T(S1 

FIGURE 3 
z = 2.4 and 2.58, respectively. The thin lines are drawn to guide the eye. 

Theoretical curve A ,  :( T ,  f ) / A  ,( Tc, t ) .  Curves a and b correspond to 
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THEORY OF HOMOLOGOUS LIQUID CRYSTALS. 11 25 1 

(b) 
FIGURE 4 
series (a) and the even series (b) of nCB. 

Experimental C I (  T ) / C  - I (  T,) curves derived from Ref. 16 for the odd 

Figure 4 is calculated from the experimental data of nCB (alkyl 
cyanobiphenyl) reported in Figure 4 of Ref. (16). nCB belongs to the 
case of F ( t )  = t 2  [see (I)]. The agreement between our theory of 
Figure 3 and the experimental data of Figure 4 is obvious. 

Figure 5 is derived from the experimental data of nOCB (alkoxy 
cyanobiphenyl) depicted in Figure 5 of Ref. (16). Here, we assume 
To = 1.02Tc. This is because the experimental value16 of C-'( T,) is 
too small to be used accurately. According to (I), the phase diagram 
of nOCB corresponds to the type of F ( t )  of Eq. I (3.3) (i.e., not the 
F ( t )  = t 2  type). However, when n > 3, T,, increases monotonically 
with n and the resulting theoretical curve of [ A  T, t ) / A  ,(To, t ) ] -  will 
have the same trend as shown in Figure 3 which obviously agrees with 
Figures 5(a) and 5(b). 

It should be emphasized that since the material constant m may 
depend on n the curvature of the experimental curve of C-I-T, 
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unlike that of C - I (  T ) / C  - '(To)- T,  needs not decrease appreciably 
or at all [e.g. the C - I (  7') of the odd series of nOCB, see Figure 5 of 
Ref. (16)]. This shows the importance of using the experimental 
C - '( T ) /  C ' (To)  instead of C - '( 7') in comparing with theory. Con- 
sequently, in the work of Gohin et a1.I8 the direct comparison between 
experimental results of T I 1  with theory must be exercised with 
caution (see Section VI). 

The light scattering results of nCB by Coles and Strazielle17 are 
more complicated. The curves plotted in Figure 2 of Ref. (17), in our 
notation, are T / I ,  or equivalently, J ( M A  I ) - ' .  There are two peculiar 
features about this re~u1t . l~ (i) l - ' ( T c )  = 0, which is at odd with our 
theoretical prediction of I - '( T,) > 0 and I - I (  T*) = 0 (T* < T<), and 
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also in contradiction to the light scattering result of Z - ’( T,) > 0 on 
MBBA by Stinson and Li t~ ter .~  All the Cotton-Mouton measure- 
ments [e.g. Ref. (16)) also give C-’(T,) > 0. (ii) In both 9CB and 
llCB, the curve Z-’-T bends up near TN, and then increases 
monotonically and linearly with T. This implies an apparent exponent 
7 > 1 [y defined by26 Go-(T - T*)-’] and the existence of an 
inflection point. Note that in other nCB, I - ’  bends down as usual. 

In comparison, “saturation” of “dip” are found by Pouligny et al.19 
in 9CB and 11CB. Our results in Figure 3 giving a smooth bending 
down agrees with those of Zhang et a1.20 but not those of Refs. (17) 
and (19). 

Since our theoretical value of (T,  - T*)/ T, differs significantly 
from experiment (see below) we do not expect our theory, at this level, 
will completely agree with experiments quantitatively. 

In contrary to the Maier-Saupe case,25 our theory here can give 
G; ’ for both I-N and I-A transitions which depends on t ,  as well as 
phase diagrams [see (I)] and t-dependent T*. In Figure 6, phase 
diagrams from Figure 4(c) of (I) and T* from Eqs. (4.27) and (4.28) 
( D  = 0) are plotted. Here, F ( t )  = t 2  and S = 0.65 [ S  is ignored in Eq. 
(2.1) but appears in Eq. I (2.4)]. Rigorously speaking, to be consistent 
with Eq. (2.1) we should depict a phase diagram in Figure 6 corre- 
sponding to S = 0, but the result is more or less the same. 

The phase diagram in Figure 6 corresponds to ~ICB.’~,’’ In agree- 
ment with Figure 3(b) of Ref. (20) our T* increases with r for both the 
even and the odd series. Note that T* in Table I of Ref. (17) [called 
T: in Ref. (8)] is not our T*; our T* is called T& in Refs. (16) and 
(20) or T; in Ref. (8). From Figure 6,  (T,  - T*) increases with t 
(T,  = TN, or TAI) which agrees with the experimental results for the 
even series but at odd with that of the odd series [see Table I1 of Ref. 
(16)]. In our theory, TNl/ T* N 1.1, irrespective of the form of F(t ) .  In 
all cases, our (T,  - T*)/T,  is much larger than the experimental 
value. In this regard, T* has been calculated from the second-order 

I- 

2.L 2.5 . 26 27 
t 

FIGURE 6 Theoretical phase diagram (solid lines) and the supercooling temperature 
T* (broken line) as function of molecular length t .  
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254 CHANGQING and LEI 

expression of Go and TN, from beyond-mean-field approximation (in 
the fashion of Vertogen and van der Meer3') but the above conclusion 
remains essentially unchanged (see Section 3.4 of Shu's Thesis34). 

VI. DISCUSSION 

1 .  Starting from the generalized McMillan hamiltonian of Eq. (2. l), 
we obtained the molecular correlation function i?k of Eq. (3.25) using 
first-order expansion of the generalized Suzuki formula of Eq. (2.1 5). 
Under RPA of Eq. (3.27), Gk is simplified to Eq. (3.28) which along 
with Eq. (3.25) is valid in the I, N or A phase. In the I phase, Go 
assumes the simple form of Eq. (4.23). Applying RPA again, Eq. 
(4.23) is further reduced to Eq. (4.24) which [together with Eqs. (4.25), 
(4.26) and (5.11)] is the formula used in our numerical calculations. 
By Eqs. (3.4), (4.5) and (4.6) and the definition of B,, we see that the 
orientational and translational order parameters are coupled together 
in Eqs. (3.5) and (3.7). Therefore, our G, does contain the nematic 
and smectic fluctuations on the same footing [in contrast to the theory 
of Ref. (IS)]. 

Our theory, being based on a hamiltonian, is valid, in principle, for 
the whole temperature range. In contrast, the theory of Gohin et al.,'* 
starting from a free energy of order parameters, is confined to the 
temperature region near T, (see Senbetu and for a related 
discussion). 

2. To make contact between experimental data and our theory, in 
addition to the methods discussed in Section V, one may proceed as 
follows. To be specific, let us assume that one has measured either the 
Cotton-Mouton coefficient C( T,  n )  [of Eq. (5.3)] or the depolarized 
light scattering intensity Z(T,n) [of Eq. (5.9)]. Here, n denotes the 
particular member of a homoloque. In the former case, for each n, a 
series of C(T,n)--B* curves with T as parameter is usually plot- 
ted."," The value of each of these curves a t  B 2 + 0  gives 
\ m,X,G,/T, according to Eqs. (5.2)-(5.4). We then plot 

2 ( w o ~ u ) - ' ( T / G O ) - T  for each n .  In the latter case, T / I  
= M - I (  T/G,)- T for each n is usually plotted."-I9 

i. What to plot from experimental data-For notational sake, let us 
denote 
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where 

a ( n )  = 2(m0x,)-' for magnetic bifrefringence 

for light scattering (6.2) = M - '  

Note that all m,, x, and M are functions of n and may even depend 
on T, in principle. The T-dependence is usually assumed to be weak 
for the temperature range of a few decades covered in the experi- 
ments. We thus assume that they depend on n only. The curve 
Q( T, n)-  T is what should be and is plotted, for example, in Figure 4 
and 5 of Ref. (16), Figure 2 of Ref. (17), and Figure la  of Ref. (18). 

ii. Determination of a(n)-In the I phase, with (5':) N ( S:)o 
= 1/5, Eqs. (4.24), (4.25a) and (4.27) may be rewritten as 

l /Go=5(1  - 0)g(0)/. (6.3) 

v =  T*/T  (6.4) 

At high temperature (T*/ T + 0), 

(6.5) g ( u )  N 1.2u( 1 + 0.20) 

resulting in 

l /Go-l/GA-6(T-0.8T*)/T 
(6.6) 

Q( T, n )  N Q'( T, n )  6 ~ (  TI) (  T - 0.8 T*) 

Therefore, a ( n )  may be determined from the slope of the high- 
temperature linear part of Q( T, n)-  T. 

The dots in Figure 3 of Gohin et a1." are therefore 6a(n). It should 
be emphasized that in here the even and the odd series should be 
considered separately (so that the physical quantity involved is a 
smooth function of n) .  From the above Figure, we note that for the 
n04( p-n-alkoxybenzilidene-p'-n-butylaniline) series a ( n )  indeed varies 
with n [implying aN = aN(n) where aN is defined in Eq. (14) of Ref. 
(18)l. 

1;is appropriate to point out that according to our Figure 1, Eq. 
(6.5) [and hence Eq. (6.6)] is satisfied only when 0 < u < 0.2 or 
co > c 2 4 [c(T) E ( T  - T*)/T*]. Experimentally, T* N 300 K and 
Q(T,n) is linear for T > T* + 10°C (at most), or c > 3.3 x lop2. This 
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256 CHANGQING and LEI 

discrepancy of the theory is related closedly to the fact that our 
theory gives E(T,)= lo-’ which also differs from the experimental 
value of c(T,) N by two orders of magnitude [see Ref. (27) for 
further discussions]. 

iii. Determination of T*-By extrapolating the low-temperature 
part of the Q( T, n)- T curve near T, to intercept the T axis (which 
can be done only approximately since due to the first-order nature of 
the N-I transition, no experimental points exists below T,) one ob- 
tains T*(n). If the high-temperature linear part of Q(T,n) is extrapo- 
lated instead, one obtains an intercept equal to 0.8T*. T*’s deter- 
mined by these two methods are not consistent with each other 
numerically by reason given at the end of (ii) above. The first method 
should be used. 

iv. Determination of J ( t , u )  or JF(t)-From T*(n) and Eq. (4.27) 
one has J ( n )  and hence J F ( n )  if the molecules are assumed to be of 
zero width and Eq. (5.1 1) is used. The ( t ,  u )  values for each n may be 
estimated from the conformation of the molecules; or, lacking this 
information, some reasonable linear functions of t (n )  and u(n) [ u  
= D/r, , ,  t = d / r O ]  may be assumed to obtain a trial function of 
J ( t , u )  from ?(n). By Eqs. I (4.2) and (4.28) [see (I) for definition 
of uol, 

u 
1 

-I 

We may then use the procedure outlined in (I) to obtain the I-N-A 
phase diagram of the even and the odd series of the homologue and 
compare it with experiments. 

v. Comparing experiment with our theory-For this purpose, since 
our theory calculates only Go (but not Q or a), one method is to 
obtain [ Q(T,n) - Q’(T,n)]/[Tu(n)] = l/Go(T,n) - l / G ; ( T , n )  

- 
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= P (  T,  n) where Q' represents the high-temperature linear part of Q 
from (i) and a(n) from (ii). The curve P(T,n)-T/T*(n) is then 
plotted and compared with our theoretical universal curve as shown 
in Figure 7. Since we know only that T,/T* > 1 and do not have an 
analytic form of T, (in contrary to the Maier-Saupe case25) we have 
refrained from drawing T, in Figure 7.  Note that T,/T* is not a 
constant and may vary with n. As is discussed in Section IV, the 
universality of G,(T) = Go(T/T*) [which is as good as the order 
parameter (P2> being a function of T /  T,, of T/  T* in the Maier- 
Saupe model'] may break down in reality, the next more qualitative 
method should also be attempted. 

The second method is to plot P(  T, n)- T and compare it with our 
Figure 8. It is easy to see that Figure 8 follows directly from Figure 7, 
in which the two curves correspond to different n. The one with 
T* = T,* changes more slowly compared to the one with T* = TT 
(< T;) [see Figure 2 of Ref. (29) for a related discussion]. 

In the above analysis, the even and the odd series may be plotted 
on the same diagram. Note that the case that T, - T* is large such 
that a large part of the bending down in Figure 8 is hidden from sight 
cannot be precluded. 

Only qualitative agreement between experimental data and our 
Figures 7 and 8 are expected. A systematic analysis of the data18 of 
n04 and  other^'^,'^.'^,^^ in this fashion remains to be done and is most 
desired. 

3. The essence of our result of Eq. (4.24) is easy to understand. The 
different molecules correspond to different 7 (or T*) and sample 
different temperature regions in the curve of Figure 7. The derivations 
in Sections I11 and IV indicate how this result comes about and point 
to the way of its improvement. For example, the transition from Eq. 
(4.23) to Eq. (4.24) may be too rough an approximation. 

In our theory, the orientational part is treated beyond MFA but the 

FIGURE 8 Sketch of theoretical l / G o  - l/G,!, vs T curve. 
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258 CHANGQING and LEI 

translational part remains in MFA. The opposite is true in the OAPC 
(orientationally-averaged-pair-correlations) treatment of Woo et al.37 
(which consequently does not have bending down in G,,-').38 A 
synthesis of the two approaches should be attempted. 

Note that fluctuation of the smectic layer normal (the z axis) has 
not been taken into account here. 
4. A second-order c a l ~ u l a t i o n ~ ~ ~ ~ ~  (using the full expansion of Eq. 

(2.15) to p2  term) of Go shows the same behavior as in Figure 3. 
5. In cyano compounds with intrinsic polarization (such as nCB 

and nOCB) pairing of molecules may be important. In this case, a 
P ,(cos8,,) term is suggested to be included in the h a m i l t ~ n i a n . ~ ~  
Madhusudana and Chandrasekhar have included such a term in the 
Maier-Saupe hamiltonian and calculated S = S ( h )  in the Bethe ap- 
proximation; an apparent exponent ;J < 1 was obtained but no 
G - '( T) curve described.39 Later, the same Bethe approximation was 
used in a treatment of the Maier-Saupe hamiltonian (without the P 
term) by Chandrasekhar et al. [see 82.5.1 of Ref. (40)]. We have 
calculated the curve ( S / h ) - ' - T  from Eq. (2.5.23) of Ref. (40) and 
found a small bending up (i.e. 7 > 1) [see 53.5 of Ref. (34)]. This result 
is in opposite to that of Ref. (25) using a different approximation for 
the same hamiltonian, and certainly at  odd with the experimental 
result ~ f ~ " ~ . ' '  7 < 1 in MBBA (in which P I  is not important). We 
therefore conclude that the Bethe approximation is unreliable as 
orientational correlation function is concerned (irrespective of the 
absence or presence of P ,  in the hamiltonian). 

In the calculation of Pouligny and Lalanne,' J,, is allowed to be a 
function of the translational degrees of freedom r .  The ( - + - ) in Ref. 
(8) is thus in fact a thermal average over the angular variable Cl only 
and not the real thermal average (over both r and a). This is the 
consideration of putting the molecules in a fixed lattice in Ref. (25) 
and shows the need to go through the tedious treatment in this paper 
when both r and 52 are included in the hamiltonian. 

6. A calculation4' of the orientational relaxation time 7 in the 
Glauber model4* consistent with the approximation used here gives 
the mean-field result v( T - T*)-' (Y is a viscosity constant) [see also 
Ref. (S)]. 

7. In Figure 7 (and correspondingly in Figure 8), for 00 > T / T *  
2 4.3, P (  T, n )  is slightly positive (almost unnoticeable in the scale of 
the Figure) and tends to zero as T+ 00. This is due to the fact that 
G ,  = Gh- + 0.12( T*/ T)' + 0[( T*/ T)3] and the chosen definition 
of GA (so that T/Gh represents the approximate straight-line part of 
T / G ,  at large T )  in Eq. (6.6). We note that in Refs. (18) and (19) 
there are indeed some experimental points that lie above the straight- 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
16

 2
0 

Fe
br

ua
ry

 2
01

3 



THEORY OF HOMOLOGOUS LIQUID CRYSTALS. TI 259 

line part of T / G ,  at large T. But experimental inaccuracy precludes 
more detailed comparison. 
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APPENDIX A. PROOF OF EQ. (2.5) 
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APPENDIX B. PROOF OF EQ. (2.9) 

APPENDIX C. DERIVATION OF EQ. (3.10) 

where 
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In the last two lines of Eq. (C.2), definitions given in Eqs. (3.11) and 
(3.9) have been used. Note that 

Substituting Eq. (C.3) into Eq. (C.2) and defining N ' s  N 2 / 3  one 
obtains Eq. (3.10) 

APPENDIX D. DERIVATIONS OF EQS. (3.16) AND (3.17) 

Solving Eqs. (3.12) and (3.13) one has 

Putting Eqs. (D.l) and (D.2) into Eqs. (3.14) and (3.15), and noting 
that X o  and X I  are independent of k ,  one has 

where co and c, are defined in Eq. (3.22). By Eqs. (D.3) and (D.4) 
and denoting the determinant by D2(k2)  [defined in Eq. (3.24)] one 
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obtains 

- P 2 W , )  A%] P . 6 )  

Putting Eqs. (D.5) and (D.6) into Eqs. (D.l) and (D.2) we obtain Eqs. 
(3.16) and (3.17). 

APPENDIX E. DISCUSSION OF EQ. (4.2) 

By Eq. (4.1), define g2(zj) = sin(2mj/d). Assume that in { gn) we keep 
only the go, g, and g, terms [go and g, are defined by Eq. (4.2)]. By 
the definition of A2 in Eq. (3.6) we know that under space inversion, 
because k, -+ - k, , zj + - zj , one has A2 + - A,, resulting in A2 = 0. 

By the definition of fn in Eq. (2.2), we have f2(zi)-sin(2mj/d). 
Similar to the discussion of space inversion above one can prove that 
An, = 0, n = 0 , l .  Therefore, a set of simultaneous equations for 
(AiBOh) ,  and (AjBIA)l can be obtained from Eq. (3.7), which does 
not involve ( A i B 2 J l .  Also, in Eq. (3.5), since A2 = 0, one does not 
have to know In short, n = 2 is ineffective in Eqs. (3.5) and 
(3.7). 

APPENDIX F. DERIVATION OF EQ. (4.26) 

To calculate the explicit form of g(u)  of Eq. (4.25b) we first calculate 
( J p L ) / ( J o ) .  According to Appendix B of (I) and similar to Eq. I (B4), 
we have 

where L,, Ly are the dimensions of the sample in the x and y 
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directions, h the pair correlation function in two-dimension [see 
Appendix B of (I)]. If we assume h(pii)  N 1 approximately, then 

By Eqs. (2.4), (3.11) and (F.2), 

<J,J = (Jo)exP( - rip?/4) 

( J , )  = + J F  ( t ) R ( t /2) t - ' N  'mi/ L, L,, 

F . 3 )  

F . 4 )  

The appearance of N '  here and elsewhere is explained at the end of 
Appendix A of (I). We now calculate g(v) .  Putting Eq. (F.3) into Eq. 
(4.25b) and replacing the summation in P, space by integral, we have 

wherep, is the cut-off in thep space. It follows that 

(F.6) 

Noting that V2I3  = L,L, and N ' d ~ ( r , / 2 ) ~  = L,LyLz approximately 
[see Eq. I (B7)], we have 

(F.7) 
113 pm = ( 6 r 2 N /  V )  

Combining Eqs. (F.6) and (F.7) we obtain Eq. (4.26). 
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